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Algebraic construction of spherical harmonics
Naohisa Ogawa ∗
Hokkaido University of Sciences, Sapporo 006-8585 Japan
(Dated: September 7, 2018)
The angular wave functions for a hydrogen atom are well known to be spherical harmonics, and
are obtained as the solutions of a partial differential equation. However, the differential operator
is given by the Casimir operator of the SU(2) algebra and its eigenvalue l(l + 1)~2, where l is
non-negative integer, is easily obtained by an algebraic method. Therefore the shape of the wave
function may also be obtained by extending the algebraic method. In this paper, we describe the
method and show that wave functions with different quantum numbers are connected by a rotational
group in the cases of l = 0, 1 and 2.
PACS numbers: 03.65.Fd
I. INTRODUCTION- REPRESENTATION OF
ANGULAR MOMENT
Spherical harmonics (hereafter abbreviated to SHs,)
Yl,m(θ, φ) are usually obtained by solving the following
partial differential equation using the Laplacian on S2
[1]-[6]:
[− 1
sin θ
∂
∂θ
(sin θ
∂
∂θ
)− 1
sin2 θ
∂2
∂φ2
]Y (θ, φ) = λ Y (θ, φ),
(1)
where λ is the real eigenvalue, which is later shown to
be l(l + 1). However, there is another method of solving
this equation by using algebra, that does not depend on
the choice of coordinates. In this algebraic method the
eigenvalues are easily obtained but eigenfunctions (an-
gular wave functions: SHs) cannot be calculated. The
purpose of this manuscript is to show how to obtain SHs
by algebraic method.
In this section, we briefly sketch the conventional al-
gebraic method to provide a self-contained explanation
[1]-[7]. Then using the ideas, tools, and notations ex-
pressed here, we will show how to obtain the wave func-
tion. Hereafter, we utilize the natural unit ~ = 1 for
simplicity.
Note that the differential operator in the l.h.s. of (1)
is given by
~ˆL
2
= Lˆ2x + Lˆ
2
y + Lˆ
2
z, (2)
with
Lˆx = −i(y ∂
∂z
− z ∂
∂y
)
= i(sinφ
∂
∂θ
+ cot θ cosφ
∂
∂φ
), (3)
Lˆy = −i(z ∂
∂x
− x ∂
∂z
)
= i(− cosφ ∂
∂θ
+ cot θ sinφ
∂
∂φ
), (4)
∗ogawanao@hus.ac.jp
Lˆz = −i(x ∂
∂y
− y ∂
∂x
) = −i ∂
∂φ
, (5)
where Lˆi (i = 1, 2, 3) satisfies the SU(2) algebra:
[Lˆi, Lˆj] = iǫijkLˆk. (6)
ǫijk is the absolute antisymmetric unit tensor with ǫ123 =
ǫ231 = ǫ312 = 1, ǫ213 = ǫ132 = ǫ321 = −1, and other
terms equal to 0. We find that ~ˆL
2
is a Casimir operator:
[~ˆL
2
, Lˆi] = 0 (i = 1, 2, 3). (7)
We can diagonalize one of the three angular momentum
operators. Usually we select Lˆz to be diagonal.
Furthermore, by using the notation
Lˆ± = Lˆx ± iLˆy, (8)
we obtain
[Lˆz, Lˆ±] = ±Lˆ±. (9)
Let us consider the following eigenvalue equation of Lˆz:
Lˆz|m >= m|m >, (10)
where the ket vector |m > denotes the eigenstate with
eigenvalue m [2]. For consistency with (9), we obtain
Lˆz(Lˆ±|m >) = (m± 1)(Lˆ±|m >). (11)
This means we have a new ket with an eigenvalue that
differs by ±1.
|m± 1 >∼ Lˆ±|m >, (12)
where ∼ denotes the ambiguity of the constant coeffi-
cient, which should be determined from the normaliza-
tion conditions except total phase. We consider the max-
imum state mmax = l that satisfies
Lˆ+|l >= 0 (13)
2with the unit norm
< l|l >= 1. (14)
Then, from the relation
~ˆL
2
= Lˆ−Lˆ+ + Lˆz(1 + Lˆz), (15)
we obtain
~ˆL
2
|l >= l(l+ 1)|l > . (16)
By applying Lˆ− to the highest-weight state |l > several
times, we obtain lower-lying states such as,
|l,m >≃ (Lˆ−)l−m|l > . (17)
Then we have the important results
~ˆL
2
|l,m > = l(l + 1)|l,m >, (18)
Lˆz|l,m > = m|l,m >, (19)
where the first relation follows from
[~ˆL
2
, Lˆ±] = 0.
Note that we obtain
Lˆ−|l,−l >= 0 (20)
since ||Lˆ−|l,−l > ||2 = 0. This equality follows from
[Lˆ+, Lˆ
2l+1
− ]|l >= 0.
Then we obtain
− l ≤ m ≤ +l. (21)
We finally write down the explicit form of the normal-
ized states as
|l,m >=
√
(l +m)!
(l −m)!(2l)! (Lˆ−)
l−m|l > . (22)
Another representation is
|l,±|m| >= C(l, |m|)(Lˆ±)|m||l, 0 >, (23)
where C(l, |m|) ≡
√
(l − |m|)!/(l + |m|)!.
The usual wave function of the angle (SHs) can be
given by specifying the representation such as (θ, φ) gives;
Ylm =< θ, φ|l,m > . (24)
The “bra” < θ, φ| denotes the representation and the
“ket” |l,m > denotes the state. The inner product of
these two vectors gives the usual wave function.
II. DIRECTIONAL PARITY (MIRROR)
OPERATOR
We define the space inversion (mirror) operator for
each direction, Pˆx, Pˆy , Pˆz in the following [8]:
Pˆx(x, px, other)Pˆ
−1
x = (−x,−px, other), (25)
Pˆy(y, py, other)Pˆ
−1
y = (−y,−py, other), (26)
Pˆz(z, pz, other)Pˆ
−1
z = (−z,−pz, other). (27)
Therefore, from eqs.(3), (4), and (5), we obtain
PˆxLˆxPˆ
−1
x = Lˆx, PˆyLˆxPˆ
−1
y = −Lˆx,
PˆzLˆxPˆ
−1
z = −Lˆx, (28)
PˆxLˆyPˆ
−1
x = −Lˆy, PˆyLˆyPˆ−1y = Lˆy,
PˆzLˆyPˆ
−1
z = −Lˆy, (29)
PˆxLˆzPˆ
−1
x = −Lˆz, PˆyLˆzPˆ−1y = −Lˆz,
PˆzLˆzPˆ
−1
z = Lˆz. (30)
Then the relation [~ˆL
2
, Pˆk] = 0 follows, as is expected.
Furthermore, we have the trivial condition
Pˆ 2x = Pˆ
2
y = Pˆ
2
z = 1. (31)
The product of two different mirror operators is a ro-
tation operator, for example,
PˆxPˆy = e
iLˆzpi, (32)
PˆyPˆz = e
iLˆxpi, (33)
PˆzPˆx = e
iLˆypi , (34)
from which the following interesting property is ob-
tained:
PˆxLˆz|l,m > = PˆxLˆzPˆ−1x (Pˆx|l,m >) = −Lˆz(Pˆx|l,m >)
= m(Pˆx|l,m >).
A similar relation also holds for Pˆy. Therefore, we have
Lˆz(Pˆx|l,m >) = −m(Pˆx|l,m >), (35)
Lˆz(Pˆy |l,m >) = −m(Pˆy|l,m >). (36)
However for Pˆz , we have
Lˆz(Pˆz |l,m >) = +m(Pˆz |l,m >). (37)
Thus, we can assume the following three equations:
Pˆx|l,m > = αx(l,m)|l,−m >, (38)
Pˆy|l,m > = αy(l,m)|l,−m >, (39)
Pˆz |l,m > = αz(l,m)|l,m >, (40)
3where αk(l,m) is an unknown c-number.
The m = 0 state has rotational symmetry around the
z-axis since
Lz|l, 0 >= 0, and e−iLˆzφ|l, 0 >= |l, 0 > .
Thus, the state should have x-axis and y-axis mirror
symmetry:
Pˆx|l, 0 >= |l, 0 >, Pˆy|l, 0 >= |l, 0 > . (41)
Then we obtain
Pˆx|l,±|m| > = C(l, |m|)Pˆx(Lˆ±)|m|Pˆ−1x |l, 0 >,
= C(l, |m|)(Lˆ∓)|m||l, 0 >,
= |l,∓|m| >, (42)
where we utilized
PˆxLˆ±Pˆ
−1
x = Lˆ∓.
On the other hand,
Pˆy|l,±|m| > = C(l, |m|)Pˆy(Lˆ±)|m|Pˆ−1y |l, 0 >,
= C(l, |m|)(−1)|m|(Lˆ∓)|m||l, 0 >,
= (−1)|m||l,∓|m| >, (43)
where we utilized the relation
PˆyLˆ±Pˆ
−1
y = −Lˆ∓.
Therefore, we obtain
αx = 1, αy = (−1)m. (44)
We obtain αz as follows. From PˆxPˆz = e
ipiLˆy and an
explicit form of eipiLˆy obtained from the SU(2) represen-
tation (See (59) for l = 1 and (81) for l = 2), we have
eipiLˆy |l,m >= (−1)l+mPˆx|l,m > .
Thus, we obtain αz(l,m) = (−1)l+m.
To summarize,
Pˆx|l,m > = |l,−m >, (45)
Pˆy |l,m > = (−1)m|l,−m >, (46)
Pˆz |l,m > = (−1)l+m|l,m > . (47)
The mirror operator in arbitrary direction is discussed
in appendix.
III. l = 0 (S-STATE) CASE
We start with the trivial case l = 0. We have
~ˆL
2
|s >= 0 (48)
for s-state |s >. Then the eigen value of Lˆz should be
zero from (21). Therefore, we only have the m = 0 state,
which means that
Lˆ+|s >= Lˆ−|s >= 0. (49)
Then we obtain
Lˆx|s >= Lˆy|s >= Lˆz|s >= 0. (50)
These equations imply the following rotational invari-
ance:
e−iLˆxθx |s > = |s >, (51)
e−iLˆyθy |s > = |s >, (52)
e−iLˆzθz |s > = |s >, (53)
where θx, θy, and θz are arbitrary independent angles.
Then the state |s > should satisfy
Y00(θ, φ) =< θ, φ|s >= const. (54)
Note that when we illustrate the form of the angle wave
function, we take the radial length r = |Ylm(θ, φ)| as the
magnitude of wave function, and show the wave func-
tion as the surface r = r(θ, φ). Thus, the form of wave
function given by r = |Y00(θ, φ)| is a sphere.
IV. l = 1 (P-STATE) CASE
Let us start to find the form of the l = 1 states. First
we define the state vectors,
|1, 1 >=

 10
0

 , |1, 0 >=

 01
0

 , |1,−1 >=

 00
1

 .
(55)
Then the representation of the angular momentum
[Lj]mn ≡< 1,m|Lˆj|1, n >, j = 1, 2, 3 (56)
takes the following form (In the matrix representation,
we write operators in bold):
Lx =
1√
2

 0 1 01 0 1
0 1 0

 , Ly = i√
2

 0 −1 01 0 −1
0 1 0

 ,
Lz =

 1 0 00 0 0
0 0 −1

 . (57)
Then the rotational matrix can be calculated by the
Taylor expansion of the following matrix-valued expo-
nent:
e−iLφ =
∞∑
n=0
1
n!
(−iLφ)n.
4To carry out this calculation, we predict the general
term (−iLφ)n and prove it by mathematical induction.
Then we calculate the sum of the series. We obtain
e−iLxφ =
1
2

 1 0 −10 0 0
−1 0 1

 + 1
2

 1 0 10 2 0
1 0 1

 cosφ
− i√
2

 0 1 01 0 1
0 1 0

 sinφ, (58)
e−iLyφ =
1
2

 1 0 10 0 0
1 0 1

+ 1
2

 1 0 −10 2 0
−1 0 1

 cosφ
− 1√
2

 0 1 0−1 0 1
0 −1 0

 sinφ, (59)
e−iLzφ =

 0 0 00 1 0
0 0 0

 +

 1 0 00 0 0
0 0 1

 cosφ
−i

 1 0 00 0 0
0 0 −1

 sinφ. (60)
Next we construct the real spherical harmonics (here-
after abbreviated to RSHs) to show their form graph-
ically. The SH itself is a complex function, and the
method of constructing the RSH from the SH is well
known [7]. In accordance with this construction, we de-
fine the following states:
|x > ≡ 1√
2

 −10
1

 = 1√
2
(|1,−1 > −|1, 1 >), (61)
|y > ≡ i√
2

 10
1

 = i√
2
(|1, 1 > +|1,−1 >), (62)
|z > ≡

 01
0

 = |1, 0 > . (63)
Next we discuss the form of the states. We start with
the |z > state. First, this state has rotational symmetry
around the z-axis:
e−iLzφ|z >= |z > . (64)
Second, the |z > state has parity odd for Pˆz from (47),
which means that the state has xy-plane as the node
plane.
Pz|z >= −|z > . (65)
FIG. 1: Schematic diagram of |z > state
Then the form of |z > (r = | < θ, φ|z > |) is considered
to be that in figure 1 , where the different contrasts show
the phase inversion. Figure 1 is a rough sketch and the
precise form will be discussed later. Next, we consider
the forms of the other two states.
First, from (58), (62), and (63), we obtain
e−iLx(−pi/2)|z >= |y > . (66)
Second, from (59), (61), and (63), we obtain
e−iLy(pi/2)|z >= |x > . (67)
Therefore, these three states have the same form but
different orientations. We obtain the form of |z > more
precisely as follows. The rotation of the |z > state around
the y axis by angle α gives the following relation from
(59), (61), and (63):
FIG. 2: Rotation of |z > around y axis by angle α
e−iLyα|z >= cosα|z > +sinα|x > . (68)
Then we examine the z direction. For this purpose, we
multiply ”bra” < θ = 0| from the left. We obtain
< θ = 0|e−iLyα|z > = cosα < θ = 0|z >
+ sinα < θ = 0|x > . (69)
The l.h.s. can be calculated as
e+iLyα|θ = 0 >= |θ = α, φ = π > .
5By taking the Hermitian conjugate, we obtain
< θ = 0|e−iLyα|z > = < θ = α, φ = π|z >
= < θ = α|z >, (70)
where the final equality originates from the rotational
symmetry of |z > about the z axis. This situation is
shown in figure 2. < θ = α, φ = π|z > is shown by
the arrow in the left figure. To obtain the length of this
arrow, we rotate the state |z > around the y axis by angle
α and examine the z direction.
Furthermore, from the form of |x >, we have
< θ = 0|x >= 0. (71)
This comes from (67) and figure 1, later explicitly shown
in figure 4. From (69), (70), and (71), we have
< θ = α|z >= A cosα, (72)
where the constant A is given by A ≡< θ = 0|z > and
we set A to be real and positive.
Then the wave function can be written as
Y1,z(θ, φ) ≡< θ, φ|z >= A cos θ. (73)
To illustrate this, let r = |Y1,z(θ, φ)|. Then
r = A
z
r
(z > 0), r = −Az
r
(z < 0).
Then we have
x2 + y2 + (z ±A/2)2 = (A/2)2, for z ≶ 0. (74)
From (73), the two spheres with centers (0, 0, A/2) and
(0, 0,−A/2) have opposite phases. Thus, we show them
with different contrast in figure 3.
FIG. 3: Precise form of |z >
To conclude this section, we show all the forms of the
l = 1 members i.e., the |x >, |y >, and |z > states, and
their relations in figure 4, as obtained from (66), (67),
and (74).
FIG. 4: Forms of the l = 1 members
V. l = 2 (D-STATE) CASE
Next we consider the l = 2 case. The matrix elements
of the angular moment can be calculated as
[Lj]mn ≡< 2,m|Lˆj|2, n >, j = 1, 2, 3, (75)
with the notation
|2, 2 > =


1
0
0
0
0

 , |2, 1 >=


0
1
0
0
0

 , |2, 0 >=


0
0
1
0
0

 ,
|2,−1 > =


0
0
0
1
0

 , |2,−2 >=


0
0
0
0
1

 . (76)
Then we have the explicit matrix forms
Lx =


0 1 0 0 0
1 0
√
6/2 0 0
0
√
6/2 0
√
6/2 0
0 0
√
6/2 0 1
0 0 0 1 0

 , (77)
Ly = i


0 −1 0 0 0
1 0 −√6/2 0 0
0
√
6/2 0 −√6/2 0
0 0
√
6/2 0 −1
0 0 0 1 0

 , (78)
Lz =


2 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 −1 0
0 0 0 0 −2

 . (79)
6Then the rotation matrices around the x, y, and z axes
are calculated by the Taylor expansion of the matrix-
valued exponents, the same way as the case of l = 1:
e−iLxφ =


A iB C iD E
iB F iG H iD
C iG J iG C
iD H iG F iB
E iD C iB A

 , (80)
e−iLyφ =


A B −C −D E
−B F G −H −D
−C −G J G −C
D −H −G F B
E D −C −B A

 , (81)
e−iLzφ =


e−2iφ 0 0 0 0
0 e−iφ 0 0 0
0 0 1 0 0
0 0 0 e+iφ 0
0 0 0 0 e+2iφ

 , (82)
where
A =
3
8
+
1
8
cos 2φ+
1
2
cosφ,
B = −1
2
sinφ− 1
4
sin 2φ,
C =
√
6
8
(cos 2φ− 1)
D = −1
4
sin 2φ+
1
2
sinφ,
E =
3
8
+
1
8
cos 2φ− 1
2
cosφ,
F =
1
2
(cosφ+ cos 2φ),
G = −
√
6
4
sin 2φ,
H =
1
2
(cos 2φ− cosφ),
J =
1
4
+
3
4
cos 2φ. (83)
The RSHs are given as follows [7]:
|xy > ≡ − i√
2
(|2, 2 > −|2,−2 >),
|x2 − y2 > ≡ 1√
2
(|2, 2 > +|2,−2 >),
|yz > ≡ i√
2
(|2, 1 > +|2,−1 >),
|xz > ≡ − 1√
2
(|2, 1 > −|2,−1 >),
|z2 > ≡ |2, 0 > . (84)
We start with the analysis of |xy >. The first observa-
tion is the rotation of |xy > around the z axis by −π/2:
eiLz(pi/2)|xy >= −|xy > . (85)
This means that the state is fourfold symmetric except
for the phase change eipi. Second, the state has two node
planes,
Px|xy > = − i√
2
Px(|2, 2 > −|2,−2 >)
= − i√
2
(|2,−2 > −|2, 2 >) = −|xy >, (86)
Py|xy > = − i√
2
Py(|2, 2 > −|2,−2 >)
= − i√
2
(|2,−2 > −|2, 2 >) = −|xy > .(87)
This means that the yz plane and the xz plane are node
planes. Then we have the form of |xy > shown in figure
5.
FIG. 5: Form of |xy >
Another three states can be constructed easily from
|xy > as follows:
eiLy(pi/2)|xy > = i√
2


0
1
0
1
0

 = |yz >, (88)
e−iLx(pi/2)|xy > = − 1√
2


0
1
0
−1
0

 = |xz >, (89)
eiLz(pi/4)|xy > = 1√
2


1
0
0
0
1

 = |x2 − y2 > . (90)
Therefore, these |yz >, |xz >, and |x2− y2 > states have
the same form as |xy > but different orientations.
7VI. |z2 > STATE
Finally, we consider the form of |z2 >. We have two
symmetries,
e−iLzφ|z2 > = |z2 >, (91)
Pz|z2 > = |z2 > . (92)
These equations show rotational symmetry around the
z axis, and reflection (mirror) symmetry about the xy
plane, that are insufficient informations to construct the
form of the state |z2 >.
Let us rotate |z2 > around the x axis by angle −α.
eiLxα|z2 >=


A iB C iD E
iB F iG H iD
C iG J iG C
iD H iG F iB
E iD C iB A




0
0
1
0
0


=


C
iG
J
iG
C

 =
√
2C(−α)|x2 − y2 >
+
√
2G(−α)|yz > +J(−α)|z2 > .(93)
Let us examine the z direction. We multiply the “bra”
< θ = 0| to both sides of eq. (93).
< θ = 0|eiLxα|z2 >=
√
2C(−α) < θ = 0|x2 − y2 >
+
√
2G(−α) < θ = 0|yz >
+J(−α) < θ = 0|z2 > . (94)
Note that < θ = 0|x2 − y2 >=< θ = 0|yz >= 0 hold
here. This comes from the following reasons. From (90)
and Figure 5, we have < θ = 0|x2 − y2 >= 0. From (88)
and Figure 5, we have < θ = 0|yz >= 0. Both are later
shown in figure 9 explicitly. Furthermore, from
e−iLxα|θ = 0 >= |θ = α, φ = −π/2 >,
we obtain
< θ = 0|eiLxα|z2 > = < θ = α, φ = −π/2|z2 >
= < θ = α|z2 >, (95)
where the final equality originates from the rotational
symmetry around the z axis from (91). Then we obtain
< θ = α|z2 >= J(−α) < θ = 0|z2 > . (96)
In an explicit form, we have
Yz2(θ, φ) =
l0
4
(1 + 3 cos 2θ), l0 ≡ Yz2(θ = 0). (97)
This method is graphically shown in figure 6. The
dark gray ellipsoid shows the |z2 > state and the light
FIG. 6: Method of obtaining the form of |z2 >
gray ellipsoid shows the state |z′2 >≡ eiLxα|z2 >. Then,
we easily find that
< θ = α, φ = −π/2|z2 >=< θ = 0|z′2 > .
(The length of the dashed arrow of |z2 > is the same as
the length of |z′2 > in the z direction.) Furthermore,
|z′2 > can be expanded in the form of eq. (93). We
therefore obtain equation (97). From this result, we have
the form of < θ|z2 > shown in figure 7.
FIG. 7: Functional form of < θ|z2 >
FIG. 8: Form of < θ|z2 >
In figure 8, the dark gray part and light gray part (simi-
lar to a torus but with a point hole) have opposite phases.
The node plane becomes two cones with θ = 54.7◦ and
θ = 125.3◦.
The states comprising the members of l = 2 are shown
in figure 9. One of the remaining problems is the relation
8FIG. 9: Forms of the members of l = 2
between |z2 > and the other states. From figure 9, we
search for the states that may become elements to con-
struct the |z2 > state. The rotation of |xz > around the
y axis by −π/4 with the rotation of |yz > around the x
axis by π/4 may have similar forms to |z2 > as shown in
figure 10.
FIG. 10: Similar forms of |z2 >
This idea can be realized in the following calculation:
eiLypi/4|xz > +e−iLxpi/4|yz >
= (−1
2
|x2 − y2 > +
√
3
2
|z2 >)
+(
1
2
|x2 − y2 > +
√
3
2
|z2 >)
=
√
3|z2 > .
Or alternatively,
|z2 >= 1√
3
(eiLypi/4|xz > +e−iLxpi/4|yz >). (98)
In this way, we obtain the relation between |z2 > and the
other states.
VII. FUNCTIONAL FORM OF |xy > STATE
To conclude the study of the l = 2 state, we finally
discuss the functional form of the |xy > state. From the
fourfold property of the |xy > state, it is sufficient to
study only one piece of four leaves of |xy >. For this
purpose, we focus on one leaf in the region x > 0, y > 0
of |xy >. To obtain the wave function on the xy plane
with φ = α, we consider the wave function
l(α) =< θ = π/2, φ = α|xy > .
To obtain l(α), we rotate the |xy > state around the z
axis by angle −α, and examine the x direction as shown
in figure 11.
FIG. 11: Method used to obtain l(α)
Using eq. (82), we obtain
eiLzα|xy >= cos 2α|xy > +sin 2α|x2 − y2 > . (99)
Then we have
< θ = π/2, φ = 0|eiLzα|xy >
= cos 2α < θ = π/2, φ = 0|xy >
+ sin 2α < θ = π/2, φ = 0|x2 − y2 > . (100)
The l.h.s. can be calculated as
e−iLzα|θ = π/2, φ = 0 >= |θ = π/2, φ = α > . (101)
The Hermitian conjugation gives
< θ = π/2, φ = 0|eiLzα = < θ = π/2, φ = α|. (102)
Furthermore, by using
< θ = π/2, φ = 0|xy >= 0,
we obtain
9< θ = π/2, φ = α|xy >
= sin 2α < θ = π/2, φ = 0|x2 − y2 > . (103)
This is the same as
l(α) ≡ < θ = π/2, φ = α|xy >= L0 sin 2α,
L0 ≡ < θ = π/2, φ = 0|x2 − y2 > . (104)
The same discussion can be generalized to a fixed θ
(i.e., a cone surface with θ =const.)
l(θ, α) = < θ, φ = α|xy >= L(θ) sin 2α,
L(θ) ≡ < θ, φ = 0|x2 − y2 >, (105)
where the quantity L(θ) is shown in figure 12.
FIG. 12: Quantity L(θ) in state |x2 − y2 >
L(θ) is obtained by the method shown in figure 13.
To obtain L(α) =< θ = α, φ = 0|x2 − y2 >, we rotate
|x2 − y2 > around y axis by −α, and examine the z
direction. First, the rotation of state |x2 − y2 > around
the y axis by −α is given by
FIG. 13: Method to obtain L(θ)
eiLyα|x2 − y2 >= −
√
2C(−α)|z2 >
+(B(−α) +D(−α))|xz >
+(A(−α) + E(−α))|x2 − y2 > . (106)
Using
< θ = 0|xz >=< θ = 0|x2 − y2 >= 0,
we obtain
< θ = 0|eiLyα|x2 − y2 >
= −
√
2C(−α) < θ = 0|z2 >
=
√
3
4
(1 − cos 2α) < θ = 0|z2 > . (107)
Furthermore from the relation
e−iLyα|θ = 0 >= |θ = α, φ = 0 >,
we obtain
L(α) = < θ = α, φ = 0|x2 − y2 >
=
√
3
4
(1− cos 2α)l0, (108)
where l0 ≡< θ = 0|z2 >. From (105) and (108), we
obtain
Yxy(θ, φ) =
√
3
4
l0(1− cos 2θ) sin 2φ, (109)
with
L0 =
√
3
2
l0.
VIII. CONCLUSION
We have shown a new method of obtaining spherical
harmonics without solving the partial differential equa-
tion. This involves using the SU(2) algebra and the direc-
tional space inversion (mirror) operator, where the latter
was introduced in section 2. The node plane is expressed
in simple manner using this new operator. Second, we
have shown that the same l states but different m states
are related to each other by the rotational group SU(2).
Solving the partial differential equation (1) is the simplest
way to obtain the form of spherical harmonics; however,
the physical relations between the solutions with differ-
ent quantum numbers can also be understood using this
method.
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X. APPENDIX-CONSTRUCTING THE
MIRROR OPERATOR IN AN ARBITRARY
DIRECTION
We define the mirror operator in the (θ, φ) direction as
Pˆ (θ, φ). (110)
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For example the mirror operators in the main text are
expressed as
Pˆx = Pˆ (π/2, 0),
Pˆy = Pˆ (π/2, π/2),
Pˆz = Pˆ (0, φ) (φ is arbitrary).
The method of rotating (θ, φ) in the +x direction is as
follows.
1. −φ rotation around z axis,
2. π/2− θ rotation around y axis.
Therefore the space inversion into (θ, φ) direction is
given by the following steps.
1. rotation around z axis by −φ,
2. rotation around y axis by π/2− θ,
3. space inversion in x direction,
4. rotation around y axis by −π/2 + θ,
5. rotation around z axis by +φ.
Then we obtain the following general formula for the
mirror operator in an arbitrary direction:
Pˆ (θ, φ) = e−iLˆzφeiLˆy(pi/2−θ)Pˆxe
−iLˆy(pi/2−θ)eiLˆzφ. (111)
Using the matrix form of Pˆx,
(Px)m,n = δm,−n, (112)
we can directly verify the relation by using the general
formula
(Py)m,n = (−1)mδm,−n, (113)
(Pz)m,n = (−1)m+lδm,n. (114)
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